INTRODUCTION
While the construction of the field content, the gauge transformations, and the corresponding bundles for higher gauge theories have been much developed over the last decade, by different authors and different approaches [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , gauge invariant functionals are rare. There are a few exceptions to this [12] [13] [14] [15] [16] , but, up to now, a general framework and in particular one that is simultaneously systematic and limiting the technical difficulties to a resonable amount of calculations, definitely has been missing so far. It is the intention of the present short communication to make a first step in filling this gap.
To set up a general procedure for arbitrary highest form degree p for a tower of gauge fields starting with 1-forms or even 0-forms, a super-geometric approach, as the one developed in [17, 18] and applied in [19] , will be indispensable: The problem reduces to an equivariant extension of a super vielbein together with a vector field, both defined on a graded manifold that is associated to the higher gauge theory from the start on. While pointing out some features that hold for any p in this note, we will mainly restrict our attention to the transition from p = 1, the case of pure Yang-Mills gauge theories, to p = 2, describing non-abelian gerbes. Therefore here we will mostly avoid the super language so as to not get burried in the formalism, and discuss instead the main changes that occur already in this first extension in a predominantly gauge theoretic terminology.
THE GENERAL GAUGE STRUCTURE
In the following we recall the main formulas from [17] needed for the sequel. For a higher gauge theory with form degrees up to p, we introduce a positively graded manifold M where each independent gauge field of form degree k corresponds to one coordinate of the same parity as the differential form. For example, for p = 2, one has a couple of coordinates (ξ a ) r a=1 of degree 1 and thus anticommuting and (b I ) s I=1 of degree 2 and commuting; this corresponds to r 1-form gauge fields A a and s 2-form gauge fields B I interacting among one another. Then we write the most general degree plus one vector field Q on M and require it to square to zero. In this way we introduce the gauge structure of the theory. For the case of our main interest, p = 2,
. These in total five families of identities are the adequate generalization of the Jacobi identities for the usual structure constants C c ab . For the example (1), this parametrizes a (semistrict) Lie 2-algebra [20] , while for general p one obtains a Lie p-algebra, i.e. a particular type of L ∞ -algebra [21] . A graded manifold equipped with such a vector field Q is called a Q-manifold [22, 23] . According to [17] , it contains all the necessary general gauge structure of a higher form degree gauge theory, independent of space-time dimensions or particularities of special functionals.
Let us denote the gauge fields of all different form degrees collectively by A α . Then the corresponding field strengths take the form
where Q α (A) denotes the α-component of the vector field Q, subsequently replacing all graded coordinates in this polynomial by the corresponding gauge fields, with the multiplication being the wedge-product. For our preferred example p = 2, this yields Consider the locally defined algebra A generated by the differential forms A α and dA α . Sums of "words" in these "letters" that contain at least one F α form an ideal I ⊂ A. One still remains inside the same ideal when performing redefinitions of its generators such as
for some at this point arbitrary choice of constants β I aband likewise so for other field strengths, using those appearing already before within the tower. Only the first one, F a , remains unmodified by such redefinitions. Certainly, in particular space-time dimensions one could add further terms. For example, for space-time dimension d = 4, one can add a term such as ν The generalized version of Bianchi identities becomes very elegant in this formulation: dI ⊂ I. In fact, this condition leads one necessarily to the Q-structure behind any higher gauge theory [17] .
Infinitesimal gauge transformations are parametrized by some ε α , one for each A α and of form degree one less than the one of the corresponding gauge field. As generators for the gauge transformations, stability of I leads one to consider
to which one may again add some F -dependent new terms, δA
These transformations have the characteristic property that δI ⊂ I; even more, δ 0 I ⊂ I does not only determine the "main part" δ 0 of the symmetries to be of the form (6) for the same Q as before, for given I this condition can be used to find simultaneously the form of F α and δ 0 A α as well as the main structural property Q 2 = 0 [17] . For a transformation of F α with respect to the main part of the symmetries (6), an explicit formula is known:
where |β| denotes the form degree of A β . Let us now specialize the last two paragraphs for p = 2 (or a general p, but for the first two levels of the tower):
where wedge products are understood. While necessarily δA a ≡ δ 0 A a , one has δB
Anticipating considerations from below-in particularly, that one necessarily needs a transformation law of G I in (5) of the form of Eq. (15) below-we will require that the transformation of G I in (5) does not pick up a term proportional to dε. Then a simple exercise yields σ I ab = −β I ab , and thus the complete gauge symmetries for p = 2 take the form
It is one of the main advantages of the present approach that the only further ambiguities in the construction of an action functional lie in the addition of F -terms of lower degrees. For p = 2 this amounts thus to the introduction of merely one hitherto undetermined new set of constants β I ab in (5) and (12).
ON THE CONSTRUCTION OF ACTIONS
Following the pattern of [25], generalized to arbitrary higher gauge theories in [15] , a gauge invariant action functional without any further constraints on the structure constants except for the existence of an appropriately invariant metric κ, can be obtained by squaring the highest field strength and adding the lower ones by means of Lagrange multipliers. For p = 2,
where Λ a are d−1-forms on d-dimensional space-time Σ and, according to (11) , the metric coefficients κ have to satisfy α L a(I κ J)L = 0. The goal of the present article, however, is to consider a gauge-consistent deformation of
i.e. a functional with kinetic terms for all the gauge fields A α , extending S 0 in a way consistent with the higher gauge structure specified above. Here the most direct attempt [4] , Σ κ αβ F α ∧ * F β , turns out to be far too restrictive: As obvious from (11), this would require α I aJ = 0 = γ I abc for p = 2, reducing F I to the abelian F I = dB I . The way out here is to consider actions of the form (5) and (12), where for higher p additions can and should contain also higher wedge products of lower F s.
Before solving this problem in full generality for p = 2, let us draw some direct conclusions for general p. The variation of S higher can vanish only if for each fixed degree of α, the G α s transform into themselves. This implies that necessarily there exist constants c α βa such that
In particular, all the Gs need to be strictly invariant with respect to ε α with |α| ≥ 2. Since, moreover, the gauge transformations of a functional need to close on-shell always [26] , the field equations contain a Hodge dulatity operator, but the commutator of gauge transformations do not, the gauge transformations δ ε leaving invariant S higher need to close strictly off-shell. Finally, the conditions to be satisfied by the non-degenerate scalar products κ αβ follows from (15) to always be of the form
for all the different form degrees of A α .
MOST GENERAL ACTION FOR p = 2
Although G a ≡ F a , the gauge transformation of F a is no more of the form (10), but the coefficients C a bc appearing there change to
which now is no more necessarily anti-symmetric in its lower indices. Thus, the transition of the standard YangMills case p = 1 to the non-abelian gerbe theory p = 2 does not only relax the condition of the Jacobi identity for the structure constants C a bc , in addition, according to (16) , the metric κ ab of the 1-form gauge fields has to satisfy an invariance condition with respect to the modified coefficients (17): c 
respectively. In addition, one finds c 
We finally note that while [δ ε , δε] needs to close on A a for form degree reasons already, its closure on the 2-form fields B I requires one structural identity to hold true, which, however, can be seen to follow from the two conditions (18) and (19) above. The composed parameters ε α remain unchanged by the additions δ 1 guaranteeing closure [17] : ε a = C a bc ε bεc and µ
THE GERBE LIE 2-ALGEBRA
A good part of the present work goes into the identification of the mathematical structure underlying the gerbe action. Here we present the result of this analysis only: Corresponding to the r-dimensional internal space V of the 1-form gauge fields A and the s-dimensional internal space W of the 2-form gauge fields B, one has the following short sequence
together with a Leibniz product on V, denoted by a bracket, [·, ·] : V ⊗ V → V, and satisfying, by definition,
for all v i ∈ V, and a product • on V with values in W. These satisfy the following compatibilities:
for all v ∈ V, w ∈ W as well as
for all u, v ∈ V, where s
• denotes the symmetrization of the product Remarkably, all the eight, in part involved equations following from the previous considerations are satisfied identically with these axioms. We remark here only that (19) does not just determine γ I abc in terms of other quantities, but also leads directly to the constraint (24) due to its total skew-symmetry.
In particular, by construction, the above structure gives rise to a semi-strict Lie 2-algebra, which, as a γ-twisted crossed module of Lie algebras, is obtained from the following identifications: For the bracket on
, both of which are antisymmetric due to the first two equations in (23) . The (twisted) action of V on W is given by v w := t(w) • v, while the formula for the "anomaly" γ is somewhat longer:
If γ vanishes, this becomes a strict Lie 2-algebra or crossed module: the brackets [·, ·] V and [·, ·] W are then Lie brackets, t a Lie algebra morphism, and becomes a map from V into the derivations of W.
It is one of the main findings of this paper that only those (semi-strict) Lie 2-algebras which arise in the above way result in a gauge invariant action functional of the form S gerbe . [27] We conclude this section by remarking that the condition of the metric κ V on V needed for gauge-invariance of S gerbe is simply invariance with respect to left action of the Leibniz bracket, while κ W needs to be invariant with respect to the operator v s • t(·) on W for any v ∈ V.
REDUCED ACTION AND ALGEBRA
The physics described by the functional S gerbe remains unchanged if we perform field redefinitions such as
A simple look at (5) and (4) shows that this kills precisely the antisymmetric part of the coefficient β I ab in the first of these two equations. Also other coefficients change as is best seen by performing the super-diffeomorphism
within the vector field (1). But we do not need to follow all the changes that the other structure constants undergo, which can be found in [17] ; [28] after this change of fields and constants performed at the very beginning of the calculation, its net effect is simply that the product • is symmetric now. With this simplification, the functional (20) becomes identical to a truncation of the theory found in [13] . [29] We started out with a complete and systematic approach, the coincidence of the most general action for p = 2 with the previously found "example" is therefore remarkable.
We conclude the discussion of p = 2 by describing its underlying algebraic structure: For a symmetric operation •, the axioms (22), (23) , and (24) describe what can be called a semi Courant-Dorfman algebra [30] . CourantDorfman algebras, which contain additional structure not present here, were introduced as a joint axiomatization of Courant algebroids [31, 32] and string current algebras [33] . For the identification, one regards • as a scalar product (·, ·) on V with values in W. Replacing t by 1 2 ∂, the condition (24) now obtains the interpretation of invariance of this scalar product with respect to the action of the Leibniz bracket on V and
. In particular, every Courant-Dorfman algebra gives rise to a Lie 2-algebra (in generalization of the result for Courant algebroids [34] ) and can serve as the gauge structure of a non-abelian gerbe.
More important than this observation is the fact that already every Leibniz algebra structure (V, [·, ·]) gives rise to such a structure in the following way: Let W 0 be the ideal generated by squares [v, v] in V and t 0 its embedding into V. One then verifies that all the axioms (23)
The vertical line shows the canonical data of any Leibniz algebra V: W0 is the embedded ideal of squares and g0 the canonical quotient Lie algebra. The pair t : W → V can be an enlargement of this structure in two ways: First, the map t does not need to be an embedding, i.e. t can have a kernel, and second, the image of t can be larger than W0 ⊂ V; in this case, there still exists a quotient Lie algebra gt, which is simultaneously a quotient of g0.
and (24) are automatically satisfied. [35] Reciprocally, if t : W → V is injective and • : S 2 V → W is surjective, the complete structure is of this form. In general, certainly the map t can have a kernel and its image can be strictly larger than W 0 , while necessarily the image of the composition of • with t needs to coincide with t due to the second equation in (23) . The general situation is depicted in Fig. 1 . Given a Leibniz algebra V, the enhancement to t : V → W together with • : S 2 V → W is quite restricted. For example, only the part of • mapping into ker t is not already fixed by (23) .
Still, there is some freedom that remains to be chosen. To give a simple example, take V and W to be both R 2 , t the identification of the first summands, and the Leibniz bracket to be identically zero. Then there is precisely a two-parameter family of choices for •: (x, y) • (x , y ) = (0, c 1 yy + c 2 (xy + x y)). For c 1 = 1 and c 2 = 0, the resulting gauge theory (20) is particularly simple:
The physics of this simple model is seen to describe one abelian massless gerbe gauge field B 2 interacting with one abelian massless gauge field A 2 and, after eliminating A 1 by a shift of B 1 , one more massive abelian free gerbe B 1 . We have not discussed such type of field redefinitions in general for the action (20) ; but evidently they should be taken into account as well for a proper understanding of the resulting physics.
A whole class of less trivial examples can be constructed by looking at vector fields of a Q-manifold M equipped with r degree 1 and s degree 2 coordinates: Degree -1 vector fields V and degree -2 vector fields W on M are identified with elements v ∈ V and w ∈ W, respectively, the Lie bracket (21), (22), (23) , and (24), obtained in this way always have a non-degenerate, surjective product •, in which case the axioms can be proven to be equivalent to a W-twisted Courant algebroid [17] over a point.
Examples stemming from M like this have the feature that necessarily dim V ≡ r = r(1 + s) > dim W ≡ s = s. For the construction of other examples, it seems reasonable to start with the Leibniz algebra on V. Let us take an example where r = s = 4: The following defines a Leibniz bracket on V, [u, v] = u 4 (v 1 e 1 − v 2 e 2 ). Evidently, the subspace W 0 of squares is e 1 , e 2 ∼ = R 2 in this case. For t we choose t(b I ) = e I for I = 1, 2, 3 and t(b 4 ) = 0 and for the (symmetric)
, where k ∈ {±1, 0}. We thus obtained an enhancement of the Leibniz algebra V with both, a non-trivial kernel of t and, for non-zero k, with
These data give rise to a strict Lie 2-algebra, since γ turns out to vanish. At the price of adding a skewsymmetric part to •, it can be transformed into a nonstrict one by a super-diffeomorphism of the type (27).
In general, the appropriately invariant metrics κ V and κ W are additional structures and their existence, as for Lie algebras, can restrict the admissible enhanced Leibniz algebras. This is well illustrated by the above example: κ V ([u, v], v) = 0 for all u, v ∈ V cannot be satisfied for a positive definite κ V since it is easily seen to lead to κ V (e 1 , e 1 ) = 0. This fact is even independent of the enhancement here.
CONCLUSION AND OUTLOOK
In this paper we continued the systematic construction of higher gauge theories started in [17] with gauge invariant functionals. For the purpose of a first orientation we focused on the case p = 2. We showed that the most general ansatz in generic dimensions with kinetic terms for the 1-form and the 2-form gauge fields leads necessarily to a truncation of the Samtleben-Szegin-Wimmer action, at least after a field redefinition. Note in this context that while the iterative construction in [13, 14] includes within G α at each step already the gauge field of degree |α| + 1, we found it advantageous to avoid this here: without it, the iteration p → p+1 follows the tower of Lie p-algebras, which otherwise is obtained only after further truncation or projection [19] .
We furthermore observed that the Lie algebra structure on V for p = 1 is turned into a Leibniz algebra upon transition to p = 2. In fact, as will be shown in [36] , any Leibniz algebra gives rise to a canonical Lie ∞ algebra and it is this algebraic structure that underlies the tensor hierarchy of [37] [38] [39] . In [13] , on the other hand, the gauge structure is not determined completely by this Leibniz algebra, but by an appropriate enhancement of it, summarized in Fig. 1 .
It is clear from the present considerations that extending the construction to higher p or also to "just" including scalar fields into the tower, will lead to an explosion of technical work. While for higher and higher p, the additional data will correspond to more and more involved algebraic structures, the inclusion of scalar fields turns this into a more and more involved problem within differential geometry [17] , [16] . All these complicated structures, however, promise to have a simple super-geometrical interpretation. We found that it is not the right strategy to focus on the closure of the gauge symmetries, since already for p = 2 this yields only part of the necessary restrictions of the structure functions, but to instead turn to the extension problem of G α satisfying the equivariance condition (15) . With (2), (6) , and (7) we have closed formulas for any p. In the present approach, all the ambiguity lies in adding terms lying within the ideal I. We intend to come back to a development of this idea in a sequel to this work.
Using the approach [18] , action functionals like (20) will extend to a functional on non-trivial bundles. It is an interesting open problem for the future already for p = 2 to relate the picture of Q-bundles to the alternative one of categorified bundles and bundle gerbes [1, 6, 7, 11] .
It is a pleasure to thank H. Samtleben for numerous discussions on tensor hierarchies and an important remark on a preliminary version of this paper. I gratefully acknowledge stimulating discussions with C. Saemann about non-abelian gerbes as well as discussions with A. Kotov, S. Lavau and F. Wagemann, related directly or indirectly to the present work. I further want to thank S. Watamura and the Tohoku Forum for Creativity for their invitation to a very lively workshop from which I also profited by its inspiration to this work. This research was partially supported by Projeto P.V.E. 88881.030367/ 2013-01 (CAPES/Brazil), A. Alekseev's project MOD-FLAT of the European Research Council (ERC), and the NCCR SwissMAP of the Swiss National Science Foundation. I am grateful for this support.
